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Abstract

In this study, firstly notions of similarity and consimilarity are given
for commutative elliptic octonion matrices. Then the Kalman-Yakubovich
s-conjugate equation is solved for the first conjugate of commutative el-
liptic octonions. Also, the notions of eigenvalue and eigenvector are
studied for commutative elliptic octonion matrices. In this regard, the
fundamental theorem of algebra and Gershgorin’s Theorem are proved
for commutative elliptic octonion matrices. Finally, some examples re-
lated to our theorems are provided.

1 Introduction

The octonion algebra is an eight-dimensional division algebra by the Cayley-
Dickson method, [17]. Since these numbers do not provide the properties of
commutative law and linear combination, their applications have been lim-
ited. Therefore, to solve the difficulties encountered in the equation of solu-
tions, studies have recently been carried out in the field of octonion matrices,
[2, 4, 6, 14, 16].
The notions such as eigenvalue and eigenvector, which have an important place
in matrix theory, are used in the solution of many equations and one of the
most important of them is the Gershgorin Theorem, which is used to deter-
mine the eigenvalues of a matrix, [1, 3, 7, 8, 9, 10, 11, 13, 15, 18].
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In this study, the similarity and consimilarity notions are given together with
the isomorphism defined between commutative elliptic octonions and their ma-
trices. Then the real-valued representation of a commutative elliptic octonion
matrix is defined and related theorems are given. Considering these theorems
and definitions, Kalman Yakubovich s-conjugate linear equation is solved. Fi-
nally, the fundamental theorem of algebra and the Gershgorin Theorem for
commutative elliptic octonions are proved, and then examples related to them
are given.

2 Algebraic Properties of Commutative Elliptic Octo-
nions

In this section, we will give the algebraic properties of the commutative ellip-
tic octonion set based on elliptic numbers and commutative octonions, which
have widely considered in the literature.

The set of commutative elliptic octonion is defined as

COp = {a = a0e0 + a1e1 + a2e2 + a3e3 + a4e4 + a5e5 + a6e6 + a7e7 | ai ∈ R, 0 ≤ i ≤ 7}

where {ei; 0 ≤ i ≤ 7} is a base of the commutative elliptic octonion.

Let a be a commutative elliptic octonion which is expressed as

a = a′ + a′′e. (1)

Since a′ = a0 + a1i + a2j + a3k ∈ Hp, a
′′ = a4 + a5i + a6j + a7k ∈ Hp, the

base vectors of a commutative elliptic octonion are defined by

e0 = 1, e4 = e, e0
2 = 1, e4

2 = 1,
e1 = i, e5 = ie = ei, e1

2 = α, e5
2 = α,

e2 = j, e6 = je = ej, e2
2 = 1, e6

2 = 1,
e3 = k, e7 = ke = ek, e3

2 = α, e7
2 = α,

(2)

[5].

Considering the equation (1) for a commutative elliptic octonion, the conju-
gate definition for a commutative elliptic octonion is defined by the following
equations:
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ao1 = a′
(1)

+ a′′
(1)
e,

ao2 = a′
(2)

+ a′′
(2)
e,

ao3 = a′
(3)

+ a′′
(3)
e,

ao4 = a′ − a′′e,
ao5 = a′

(1) − a′′(1)e,
ao6 = a′

(2) − a′′(2)e,
ao7 = a′

(3) − a′′(3)e,

(3)

[5]. The expressions (1), (2) and (3) correspond to the conjugates definition
for the elliptic quaternions, [12].

Considering (3), the norm of a commutative elliptic octonion is defined as

‖a‖8 = a× ao1 × ao2 × ao3 × ao4 × ao5 × ao6 × ao7

=
[
(a0 + a2 − a4 − a6)

2 − α(a1 + a3 − a5 − a7)
2
]

×
[
(a0 − a2 + a4 − a6)

2 − α(a1 − a3 + a5 − a7)
2
]

×
[
(a0 − a2 − a4 + a6)

2 − α(a1 − a3 − a5 + a7)
2
]

×
[
(a0 + a2 + a4 + a6)

2 − α(a1 + a3 + a5 + a7)
2
]
≥ 0,

(4)

[5].

Let a =
7∑
i=0

aiei and b =
7∑
i=0

biei be two commutative elliptic octonions, then

the multiplication of two commutative elliptic octonions is defined by the fol-
lowing equation

a× b = (a0b0 + αa1b1 + a2b2 + αa3b3 + a4b4 + αa5b5 + a6b6 + αa7b7) e0
+ (a0b1 + a1b0 + a2b3 + a3b2 + a4b5 + a5b4 + a6b7 + a7b6) e1
+ (a0b2 + αa1b3 + a2b0 + αa3b1 + a4b6 + αa5b7 + a6b4 + αa7b5) e2
+ (a0b3 + a1b2 + a2b1 + a3b0 + a4b7 + a5b6 + a6b5 + a7b4) e3
+ (a0b4 + αa1b5 + a2b6 + αa3b7 + a4b0 + αa5b1 + a6b2 + αa7b3) e4
+ (a0b5 + a1b4 + a2b7 + a3b6 + a4b1 + a5b0 + a6b3 + a7b2) e5
+ (a0b6 + αa1b7 + a2b4 + αa3b5 + a4b2 + αa5b3 + a6b0 + αa7b1) e6
+ (a0b7 + a1b6 + a2b2 + a3b4 + a4b3 + a5b2 + a6b1 + a7b0) e7,

(5)

[5].
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The expression of a ∈ COp in terms of an 8 × 1 dimensional matrix is given
by

a =

7∑
i=0

aiei ∼= a =
[
a0 a1 a2 a3 a4 a5 a6 a7

]T ∈ R8×1 (6)

[5].

On the other hand, considering equations (5) and (6), the multiplication of
two commutative elliptic octonions a and b is defined as

a×b = b×a ∼= ϕ (a) b =



a0 αa1 a2 αa3 a4 αa5 a6 αa7
a1 a0 a3 a2 a5 a4 a7 a6
a2 αa3 a0 αa1 a6 αa7 a4 αa5
a3 a2 a1 a0 a7 a6 a5 a4
a4 αa5 a6 αa7 a0 αa1 a2 αa3
a5 a4 a7 a6 a1 a0 a3 a2
a6 αa7 a4 αa5 a2 αa3 a0 αa1
a7 a6 a5 a4 a3 a2 a1 a0





b0
b1
b2
b3
b4
b5
b6
b7


where ϕ (a) is the basic matrix of the commutative elliptic octonion a. The
function ϕ determines an isomorphism as ϕ : COp → M , where M is the
set of elementary matrices of commutative elliptic octonions. Accordingly the
following theorem is given.

Theorem 2.1. Let a and b be two commutative elliptic octonions and β1, β2
be any real numbers. Then the following identities are held:

1) a = b⇔ ϕ (a) = ϕ (b) ,
2) ϕ (a+ b) = ϕ (a) + ϕ (b) ,

ϕ (a× b) = ϕ (a)ϕ (b) ,
3) ϕ (β1a+ β2b) = β1ϕ (a) + β2ϕ (b) ,

4) ‖a‖8 = |det (ϕ (a))| ,
5) Trace (ϕ (a)) = 8a0,

[5].

On the other hand, since a commutative elliptic octonion a =
7∑
i=0

aiei can

be expressed as a hyperbolic number

a = a′ + a′′e (7)
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here are a′, a′′ ∈ Hp and e2 = 1.

Taking (7), the function

ψa : COp → COp
b → ψa (b) = a× b

is defined for any b ∈ COp, and if this transformation is considered

N =

{(
a′ a′′

a′′ a′

)
: a′, a′′ ∈ Hp

}
can be given. In that case, an isomorphism between a commutative elliptic
octonion and a 2× 2 type matrix is defined by

ψ : COp → N

a = a′ + a′′e→ ψ (a) =

(
a′ a′′

a′′ a′

)
,

[5]. Along with this isomorphism, the following theorem is given.

Theorem 2.2. Let be a ∈ COp, then there is 2× 2 type of the elliptic quater-
nion matrix corresponding the matrix a, [5].

Since there is an isomorphism between commutative elliptic octonions and
matrices, similarity and consimilarity definitions defined on matrices can be
given for commutative elliptic octonions. Now, let us give definitions of simi-
larity and consimilarity.

Definition 2.1. Let a, a1, a2 ∈ COp, if there is a (‖a‖ 6= 0) that provides
a−1a1a = a2, a1 and a2 are called similar. This state is denoted by a1∼ a2.

Definition 2.2. Let a1, a2 ∈ COp, if there is a ∈ COp (‖a‖ 6= 0) providing
aoia1a

−1 = a2 (1 ≤ i ≤ 7), a1 and a2 are called consimilar. This state is

denoted by a1
ci∼ a2.

Theorem 2.3. The consimilarity relation in commutative elliptic octonions
is an equivalence relation.

Proof. Let a, a1, a2, a3 be commutative elliptic octonions. Let us show that

the relation
ci∼ (1 ≤ i ≤ 7) satisfies the following properties:
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i. Reflection : a1
ci∼ a1,

ii. Symmetry : a1
ci∼ a2 if and only if a2

ci∼ a1,
iii.Transitive : If a1

ci∼ a2 and a2
ci∼ a3 then a1

ci∼ a3.

i. Since 1a1−1 = a, a
ci∼ a is provided. Therefore, the reflection property is

provided for
ci∼ (1 ≤ i ≤ 7).

ii. Let a1
ci∼ a2 be satisfied. In other words, there is a (‖a‖ 6= 0) providing

aoia1a
−1 = a2. Since

(aoi)
−1
a2a = (aoi)

−1
aoia1a

−1a = a1

is provided, a2
ci∼ a1 can be written. In this case, the relation

ci∼ (1 ≤ i ≤ 7)
provides the symmetry property.

iii. Let the relations a1
ci∼ a2 and a2

ci∼ a3 be provided. Thus, there are
commutative elliptic octonions a and b (‖a‖ 6= 0, ‖b‖ 6= 0) that satisfy, the
equations aoia1a

−1 = a2 and boia2b
−1 = a3. In this case, since

a3 = boia2b
−1 = boiaoia1a

−1ab−1 = (ba)
oia1(ab)

−1

is provided, it becomes a1
ci∼ a3, that is the property of transitive law is satisfied

for
ci∼ (1 ≤ i ≤ 7).

Since conditions i, ii and iii are provided,
ci∼ (1 ≤ i ≤ 7) is an equivalence

relation.

As a result of this theorem, it can be asserted that the norms of two adjoint
similarity commutative elliptic octonions are equal to each other.

3 Consimilarity of Commutative Elliptic Octonion Ma-
trices

The set of m × n matrices whose members are commutative elliptic octo-
nions is a ring with addition and multiplication operations in matrices, and
it is denoted by Um×n (COp). Considering the conjugate definitions of com-
mutative elliptic octonions, the conjugates and transposition of the matrix
A ∈ Um×n (COp) are denoted by Aok = (aij

ok) (1 ≤ k ≤ 7) and AT ∈
Un×m (COp), respectively, [5].

Theorem 3.1. Let A ∈ Um×n (COp) and B ∈ Un×s (COp). Then the follow-
ing properties are provided for A, B
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i. (Aok)
T

=
(
AT
)ok (1 ≤ k ≤ 7),

ii. (AB)
T

= BTAT ,
iii. (AB)

ok = AokBok (1 ≤ k ≤ 7),

iv. If A and B are invertible, (AB)
−1

= B−1A−1,
[5].

Definition 3.1. Let A and B be n × n type commutative elliptic octonion
matrices. In that case, the matrices A and B are similar but there is an
invertible matrix P ∈ Un×n (COp) that provides the equation P−1AP = B.
The similarities of the matrices A and B are expressed as A ∼ B. ∼ expression
is an equivalence relation on the set Un×n (COp).

Definition 3.2. Let A and B be n × n type commutative elliptic octonion
matrices. In that case, the matrices A and B are consimilarity but there is an
invertible matrix P ∈ Un×n (COp) that provides the equation P oiAP−1 = B

(1 ≤ i ≤ 7). The consimilarity of matrix A and B is expressed as A
ci∼B.

ci∼
(1 ≤ i ≤ 7) is an equivalence relation on the set Un×n (COp) .

Definition 3.3. Let A ∈ Un×n (COp) and λ ∈ COp. If there is a nonzero
matrix x ∈ Un×1 (COp) that provides the equation Axoi = xλ (1 ≤ i ≤ 7), λ
is called the commutative elliptic octonion, the coneigenvalue of the matrix A,
and the matrix x is called coneigenvector corresponding to the commutative
elliptic octonion λ. The set of coneigenvalues of the matrix A is defined by

ξoi (A) = {λ ∈ COp : Axoi = xλ, x 6= 0 and 1 ≤ i ≤ 7} .

Theorem 3.2. Let A and B ∈ Un×n (COp). A and B are consimilarity of
matrices whereas the matrices A and B have the same coneigenvalues.

Proof. Let A and B ∈ Un×n (COp) be consimilarity matrices. Then there is
an invertible matrix P ∈ Un×n (COp) that providedB = P oiAP−1 (1 ≤ i ≤ 7).
Let λ be the coneigenvalues of the matrix A and x ∈ Un×1 (COp) be the
eigenvector corresponding to the coneigenvalue λ. In this case, Axoi = xλ
(1 ≤ i ≤ 7) is provided. If we consider the equation Y = Pxoi (1 ≤ i ≤ 7),

BY = P oiAP−1Y = P oiAP−1Pxoi = P oixλ = Y oiλ

is found. Thus, the proof is completed.

Theorem 3.3. If the coneigenvalue of the matrix A is λ, then βoiλβ−1

(1 ≤ i ≤ 7) is the coneigenvalue of the A matrix where is β ∈ COp (β 6= 0).

Proof. If the coneigenvalue of the matrix A is λ, then the equality Axoi = xλ
(1 ≤ i ≤ 7) is provided and 0 6= x ∈ Un×1 (COp) corresponding to commuta-
tive elliptic octonion λ exists. So, since the equations Axoiβ−1 = xλβ−1 =
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x(βoi)
−1
βoiλβ−1 are provided, βoiλβ−1 (1 ≤ i ≤ 7) is also a coneigenvalue

for matrix A. The proof of necessary condition is easily seen and the proof is
concluded.

Definition 3.4. Let A = A1 +A2e ∈ Un×n (COp) and η (A). Then the 2× 2
dimensional matrix

η (A) =

(
A1 A2

A2 A1

)
.

is adjoint matrix of A and is denoted by η (A), [5].

Theorem 3.4. Let A,B ∈ Un×n (COp) . Then the following properties are
held;

i. η (In) = I2n,
ii. η (A+B) = η (A) + η (B) ,
iii. η (AB) = η (A) η (B) ,

iv. If A−1 6= 0, η
(
A−1

)
= (η (A))

−1
,

[5].

Theorem 3.5. Let A ∈ Un×n (COp) and A be the adjoint matrix of η (A).
So the set of coneigenvalues of η (A) is

ξoi (A) ∩Hp = ξoi (η (A)) (1 ≤ i ≤ 7)

where ξoi (η (A)) = {λ ∈ Hp : η (A)Xoi = Xλ, 0 6= X ∈ Un×1 (COp) , 1 ≤ i ≤ 7} .

Proof. Let A = A1 + A2e ∈ Un×n (COp) and A1, A2 ∈ Hn×n
p . There is

0 6= X = X1 + X2e ∈ Un×1 (COp) that satisfies AXoi = Xλ (1 ≤ i ≤ 7),
where λ ∈ Hp is the coneigenvalue of A. Then

(A1 +A2e) (X1
oi +X2

oie) = (X1 +X2e)λ,
A1X1

oi +A2X2
oi = X1λ and A2X1

oi +A1X2
oi = X2λ

and [
A1 − λ1I A2 − λ2I
A2 − λ2I A1 − λ1I

] [
X1

oi

X2
oi

]
=

[
0
0

]
are written. As can be seen from the above equations, the elliptic quaternion
coneigenvalue of A is equal to the coneigenvalue of η (A). So

ξoi (η (A)) = {λ ∈ Hp : η (A)Xoi = Xλ, 0 6= X ∈ Un×1 (COp) , 1 ≤ i ≤ 7}

is provided.
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4 Real Representations of Commutative Elliptic Octo-
nion Matrices

Let A = A0 + A1i + A2j + A3k + A4e + A5ei + A6ej + A7ek ∈ Um×n (COp)
and φ be linear isomorphism such that φA (X) = AXo1 where X is any m× n
dimensional commutative elliptic octonion matrix. With this isomorphism,
the real matrix

φA =



A0 −αA1 A2 −αA3 A4 −αA5 A6 −αA7

A1 −A0 A3 −A2 A5 −A4 A7 −A6

A2 −αA3 A0 −αA1 A6 −αA7 A4 −αA5

A3 −A2 A1 −A0 A7 −A6 A5 −A4

A4 −αA5 A6 −αA7 A0 −αA1 A2 −αA3

A5 −A4 A7 −A6 A1 −A0 A3 −A2

A6 −αA7 A4 −αA5 A2 −αA3 A0 −αA1

A7 −A6 A5 −A4 A3 −A2 A1 −A0


∈ R8m×8n (8)

corresponding to the base {1, i, j, k, e, ei, ej, ek} is obtained. Here, φA corre-
sponds to the real representation of A.

Commutative elliptic octonion matrix A is isomorphic to A ∈ R8m×n. This sit-
uation is denoted by ∼= and written by

A = A0 +A1i+A2j +A3k +A4e+A5ei+A6ej +A7ek ∼= A =



A0

A1

A2

A3

A4

A5

A6

A7


∈ R8m×n.

In that case, considering the multiplication process defined on matrices,

ABo1 ∼= φAB

is provided for matrices A ∈ Um×n (COp) and B ∈ Un×k (COp).

Theorem 4.1. Let A be a m× n type commutative elliptic octonion matrix. Then
the following properties are provided for A:

i. (P o1
m )−1φA (P o1

n ) = φAo1 , (Qm)−1φA (Qn) = −φA,

(Rm)−1 φA (Rn) = φA, (Sm)−1 φA (Sn) = −φA,

(Tm)−1 φA (Tn) = φA, (Um)−1φA (Un) = −φA,

(Vm)−1 φA (Vn) = φA, (Wm)−1 φA (Wn) = −φA,
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where

Pm
o1 =



Im 0 0 0 0 0 0 0
0 −Im 0 0 0 0 0 0
0 0 Im 0 0 0 0 0
0 0 0 −Im 0 0 0 0
0 0 0 0 Im 0 0 0
0 0 0 0 0 −Im 0 0
0 0 0 0 0 0 Im 0
0 0 0 0 0 0 0 −Im



Qm =



0 αIm 0 0 0 0 0 0
Im 0 0 0 0 0 0 0
0 0 0 αIm 0 0 0 0
0 0 Im 0 0 0 0 0
0 0 0 0 0 αIm 0 0
0 0 0 0 Im 0 0 0
0 0 0 0 0 0 0 αIm
0 0 0 0 0 0 Im 0



Rm =



0 0 Im 0 0 0 0 0
0 0 0 Im 0 0 0 0
Im 0 0 0 0 0 0 0
0 Im 0 0 0 0 0 0
0 0 0 0 0 0 Im 0
0 0 0 0 0 0 0 Im
0 0 0 0 Im 0 0 0
0 0 0 0 0 Im 0 0



Sm =



0 0 0 αIm 0 0 0 0
0 0 Im 0 0 0 0 0
0 αIm 0 0 0 0 0 0
Im 0 0 0 0 0 0 0
0 0 0 0 0 0 0 αIm
0 0 0 0 0 0 Im 0
0 0 0 0 0 αIm 0 0
0 0 0 0 Im 0 0 0



Tm =



0 0 0 0 Im 0 0 0
0 0 0 0 0 Im 0 0
0 0 0 0 0 0 Im 0
0 0 0 0 0 0 0 Im
Im 0 0 0 0 0 0 0
0 Im 0 0 0 0 0 0
0 0 Im 0 0 0 0 0
0 0 0 Im 0 0 0 0



Um =



0 0 0 0 0 αIm 0 0
0 0 0 0 Im 0 0 0
0 0 0 0 0 0 0 αIm
0 0 0 0 0 0 Im 0
0 αIm 0 0 0 0 0 0
Im 0 0 0 0 0 0 0
0 0 0 αIm 0 0 0 0
0 0 Im 0 0 0 0 0



Vm =



0 0 0 0 0 0 Im 0
0 0 0 0 0 0 0 Im
0 0 0 0 Im 0 0 0
0 0 0 0 0 Im 0 0
0 0 Im 0 0 0 0 0
0 0 0 Im 0 0 0 0
Im 0 0 0 0 0 0 0
0 Im 0 0 0 0 0 0



Wm =



0 0 0 0 0 0 0 αIm
0 0 0 0 0 0 Im 0
0 0 0 0 0 αIm 0 0
0 0 0 0 Im 0 0 0
0 0 0 αIm 0 0 0 0
0 0 Im 0 0 0 0 0
0 αIm 0 0 0 0 0 0
Im 0 0 0 0 0 0 0


.
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ii. For A,B ∈ Um×n (COp), φA+B = φA + φB is provided.

iii. For A ∈ Um×n (COp) and B ∈ Un×r (COp),

φA×B = φA (Pn
o1)φB = φAφBo1 (Pr

o1)

is provided.

iv. If the matrix A ∈ Um×m (COp) and A is invertible, then φA can be

inverted and (φA)
−1

= (Pm
o1)φA−1 (Pm

o1) is provided.

v.
ξo1 (A) ∩Hp = ξ (φA) ,

including A ∈ Um×m (COp), is provided. Here the set ξ (φA) = {λ ∈ Hp : φ (A)Y = λY, 0 6= Y ∈ Um×1 (COp)}
becomes the eigenvalue set of φA.

Proof. Proofs of i, ii and iii are easily seen. Let’s check at the proof of the cases iv
and v.

iv. Let A ∈ Um×m (COp) be an invertible matrix. In that case,
φAA−1 = φA(Pm)o1φA−1 = φI8 and φA(Pm)o1φA−1(Pm)o1 = φI8m

are written from AA−1 = I8. From here it can be seen that φA is an invertible
matrix and (φA)−1 = (Pm)o1φA−1(Pm)

o1
is found.

v. Let A =
7∑

i=0

Aiei ∈ Um×m (COp) and As ∈ Rm×m (0 ≤ s ≤ 7). λ ∈ Hp is the

conjugate eigenvalue of A, and there is conjugate eigenvalue 0 6= X ∈ Um×1 (COp)
corresponding to λ and satisfying AXoi = Xλ (1 ≤ i ≤ 7). Here, φAX = Xλ is
written. So, the eigenvalue of matrix φA corresponds to A. As a result, ξo1 (A)∩Hp =
ξ (φA) is obtained.

Now let’s consider the solution of

X −AXo1B = C (9)

which the Kalman-Yakubovich s-conjugate equation for commutative elliptic octo-
nion matrices is. Here is A ∈ Um×m (COp), B ∈ Un×n (COp) and C ∈ Um×n (COp).
In addition, the real representation of (9) is expressed by

Y − φAY φB = φC . (10)
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On the other hand, considering the equation φAX = AXo1 and the Theorem
4.1,

X −AXo1B = C ⇔ X − φAXB = C
⇔ (X − φAXB)Xo1 = CXo1

⇔ φX − φAXφB = φC

is written. As can be seen here, if X is a solution in (9) , φX = Y is a solution in
(10). So X−AXo1B = C has a solution if and only if for φX = Y , Y −φAY φB = φC

is a solution.

Theorem 4.2. Let A ∈ Um×m (COp), B ∈ Un×n (COp) and C ∈ Um×n (COp). If
Y ∈ R8m×8n is the solution of Y −φAY φB = φC , the solution of the X−AXo1B = C
is

X =
1

32 − 32α



Im
iIm
jIm
kIm
eIm
eiIm
ejIm
ekIm



T

 Y − Q−1
m φXQn + R−1

m φXRn

−S−1
m φXSn + T−1

m φXTn

−U−1
m φXUn + V−1

m φXVn −W
−1
m φXWn





In
iIn
jIn
kIn
eIn
eiIn
ejIn
ekIn


. (11)

Proof. Let

Y =



Y11 Y12 Y13 Y14 Y15 Y16 Y17 Y18

Y21 Y22 Y23 Y24 Y25 Y26 Y27 Y28

Y31 Y32 Y33 Y34 Y35 Y36 Y37 Y38

Y41 Y42 Y43 Y44 Y45 Y46 Y47 Y48

Y51 Y52 Y53 Y54 Y55 Y56 Y57 Y58

Y61 Y62 Y63 Y64 Y65 Y66 Y67 Y68

Y71 Y72 Y73 Y74 Y75 Y76 Y77 Y78

Y81 Y82 Y83 Y84 Y85 Y86 Y87 Y88


(12)

be a solution to (10) and where Yuv ∈ Rm×n (1 ≤ u, v ≤ 8) is. In that case,
since φX = Y , the following equations are provided;

Q−1m φXQn = −Y, U−1m φXUn = −Y,
R−1m φXRn = Y, V −1m φXVn = Y,
S−1m φXSn = −Y , W−1m φXWn = −Y ,
T−1m φXTn = Y,

(13)

−Q−1m Y Qn − φA
(
−Q−1m Y Qn

)
φB = φC ,

R−1m Y Rn − φA
(
R−1m Y Rn

)
φB = φC ,

−S−1m Y Sn − φA
(
−S−1m Y Sn

)
φB = φC ,

T−1m Y Tn − φA
(
T−1m Y Tn

)
φB = φC ,

−U−1m Y Un − φA
(
−U−1m Y Un

)
φB = φC ,

V −1m Y Vn − φA
(
V −1m Y Vn

)
φB = φC ,

−W−1m YWn − φA
(
−W−1m YWn

)
φB = φC ,

(14)
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are written. As a result, if Y is a solution for (9), (13) are also a solution. So,

Y
′

=
1

8

(
Y −Q−1m φXQn +R−1m φXRn − S−1m φXSn
+T−1m φXTn − U−1m φXUn + V −1m φXVn −W−1m φXWn

)
(15)

is also a solution to (10).

Y
′

=



Z0 −αZ1 Z2 −αZ3 Z4 −αZ5 Z6 −αZ7

Z1 −Z0 Z3 −Z2 Z5 −Z4 Z7 −Z6

Z2 −αZ3 Z0 −αZ1 Z6 −αZ7 Z4 −αZ5

Z3 −Z2 Z1 −Z0 Z7 −Z6 Z5 −Z4

Z4 −αZ5 Z6 −αZ7 Z0 −αZ1 Z2 −αZ3

Z5 −Z4 Z7 −Z6 Z1 −Z0 Z3 −Z2

Z6 −αZ7 Z4 −αZ5 Z2 −αZ3 Z0 −αZ1

Z7 −Z6 Z5 −Z4 Z3 −Z2 Z1 −Z0


(16)

is obtained with the equality of (15) where

Z0 = 1
8 (Y11 − Y22 + Y33 − Y44 + Y55 − Y66 + Y77 − Y88)

Z1 = 1
8

(
−Y12

α + Y21 − Y34

α + Y43 − Y56

α + Y65 − Y78

α + Y87
)

Z2 = 1
8 (Y13 − Y24 + Y31 − Y42 + Y57 − Y68 + Y75 − Y86)

Z3 = 1
8

(
−Y14

α + Y23 − Y32

α + Y41 − Y58

α + Y67 − Y76

α + Y85
)

Z4 = 1
8 (Y15 − Y26 + Y37 − Y48 + Y51 − Y62 + Y73 − Y84)

Z5 = 1
8

(
−Y16

α + Y25 − Y38

α + Y47 − Y52

α + Y61 − Y74

α + Y83
)

Z6 = 1
8 (Y17 − Y28 + Y35 − Y46 + Y53 − Y64 + Y71 − Y82)

Z7 = 1
8

(
−Y18

α + Y27 − Y36

α + Y45 − Y54

α + Y63 − Y72

α + Y81
)
.

(17)

Since there is φX = Y , the solution to (9) is

X = Z0 + Z1i + Z2j + Z3k + Z4e + Z5ei + Z6ej + Z7ek =
1

4 − 4α



Im
iIm
jIm
kIm
eIm
eiIm
ejIm
ekIm



T

Y
′



In
iIn
jIn
kIn
eIn
eiIn
ejIn
ekIn


. (18)

Example 4.1. Let’s find X ∈ U2×2 (COp) satisfying the equality

X −
[

0 k
j 1

]
Xo1

[
1 0
0 0

]
=

[
i j
k e

]
.

Considering the equation (10), the real representation of the above equivalence is
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denoted by the following equation

Y −



0 0 0 0 0 0 0 −α 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 −1 0 0 −1 0 0 0 0 0 0 0 0 0
0 0 0 −α 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 −1 0 0 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −α
0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 −1 0 0 −1 0
0 0 0 0 0 0 0 0 0 0 0 −α 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 −1



Y



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



=



0 0 −α 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −α 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 −1 0 0 0 0
0 1 0 0 0 0 −α 0 0 0 0 0 0 0 0 0
0 0 −α 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 −1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1
0 0 0 0 0 0 0 0 0 0 −α 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 −α 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1
0 0 0 −1 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 −α 0
0 0 0 0 0 1 0 0 0 0 −α 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −1 1 0 0 0
0 0 0 0 0 0 0 −1 1 0 0 0 0 0 0 0



.

If the found real matrix equation is solved, then

Y =



0 0 −α 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0
0 1 0 0 0 0 −α 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 −1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1
0 0 0 0 0 0 0 0 0 0 0 −α 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1
0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 −α 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −1 1 0 0 0
0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0



is obtained. Considering

φX =
1

8

(
Y − Q−1

m φXQn + R−1
m φXRn − S

−1
m φXSn+T−1

m φXTn − U
−1
m φXUn + V−1

m φXVn −W
−1
m φXWn

)
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then Y = φX . So if Theorem 4.2 is taken into consideration,

X =
1

4− 4α



I2
iI2
jI2
kI2
eI2
eiI2
ejI2
ekI2



T

φX



I2
iI2
jI2
kI2
eI2
eiI2
ejI2
ekI2


=

[
i j
0 e

]

is found.

5 Gershgorin’s Theorem in Commutative Elliptic Octo-
nion Matrices

A way to locate the roots of a polynomial is to indicate the location of the eigen-
values of the matrix corresponding to the polynomial. For this, Gershgorin disks
that contain these eigenvalues are defined. The Gershgorin theorem ensures that the
combination of these disks includes all eigenvalues.

Considering the definition of the adjoint matrix given in Definition 3.4 and the prop-
erties of adjoint matrix given in Theorem 3.4, the eigenvalue set of A = A1 + eA2 ∈
Un×n (COp) can be defined. In that case, the eigenvalue of A is λ ∈ COp and the
eigenvector 0 6= x ∈ Un×1 (COp) corresponding to the eigenvalue λ at the same time
providing of Ax = λx is available. Then, the eigenvalue set of A is defined by

ξ (A) = {λ ∈ COp : Ax = λx ∃x 6= 0} ,

[5]. Now let’s give the fundamental theorem of algebra, which is the basis of the
Gershgorin Theorem.

Theorem 5.1. A is n × n type commutative elliptic octonion matrix, has at most
2n elliptic quaternion eigenvalues and 4n elliptic eigenvalues.

Proof. Let A = A1 + A2e ∈ Un×n (COp) and λ ∈ Hp be an eigenvalue of A. Since
there exist 0 6= x = x1 + x2e ∈ Un×1 (COp) and the column vector x, Ax = λx is
provided. From here

(A1 +A2e) (x1 + x2e) = λx1 + λx2e,
A1x1 +A2x2 = λx1 and A1x2 +A2x1 = λx2

can be written and from the above equations(
A1 A2

A2 A1

)(
x1
x2

)
= λ

(
x1
x2

)
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is found. In that case, it is seen that the commutative elliptic octonion matrix A
has at most 2n elliptic quaternion eigenvalues. In addition, if a commutative elliptic
octonion matrix has at most 2n elliptic quaternion eigenvalues, it can also have at
most 4n elliptic eigenvalues and the proof is complete.

Corollary 5.1. Let A ∈ Un×n (COp) and ξ (η (A)) = {λ ∈ Hp : η (A) y = λy , ∃y 6= 0}
be the set of eigenvalues of adjoint matrix η (A) , then

ξ (A) ∩Hp = ξ (η (A))

is provided.

Theorem 5.2. Let A = A1+A2e ∈ Un×n (COp) and λ = λ1+λ2e be an eigenvalue of
A. Then λ is an eigenvalue of A if and only if there exist x1, x2 ∈ Hn×1

p (x1 6= 0, x2 6= 0)
such that [

A1 − λ1I A2 − λ2I
A2 − λ2I A1 − λ1I

] [
x1
x2

]
=

[
0
0

]
.

Proof. Let A = A1 + A2e ∈ Un×n (COp) and λ = λ1 + λ2e be the eigenvalue
of A. λ = λ1 + λ2e is an eigenvalue of A if and only if there exists x1, x2 ∈
Hn×1

p (x1 6= 0, x2 6= 0) such that

(A1 +A2e) (x1 + x2e) = (λ1 + λ2e) (x1 + x2e) .

Hence
(A1 − λ1In)x1 + (A2 − λ2In)x2 = 0
(A1 − λ1In)x2 + (A2 − λ2In)x1 = 0.

can be written and using these obtained equations, we may write[
A1 − λ1I A2 − λ2I
A2 − λ2I A1 − λ1I

] [
x1
x2

]
=

[
0
0

]
.

Theorem 5.3 (Gershgorin Theorem). Let A = (aij) ∈ Un×n (COp) . Then Gersh-
gorin set for commutative elliptic octonion matrices is given as follows

ξ (A) ⊆
n⋃

i=1

{a ∈ COp : ‖a− aii‖ ≤ Ri}

where Ri =
n∑

j=1, i6=j

‖aij‖.

Proof. Let A ∈ Mn×n (COp), λ be the eigenvalue of A = (aij) and x 6= 0 be
the corresponding eigenvector then Ax = λx. Also xi is component of x such that
‖xi‖ ≥ ‖xj‖ for all j then we have ‖xi‖ > 0 and λxi corresponds to the ith component
of vector Ax which means that

λxi =

n∑
j=1

aijxj .
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For this reason, we may write

λxi − aiixi =

n∑
j=1,i 6=j

aijxj ⇒ (λ− aii)xi =

n∑
j=1,i 6=j

aijxj .

Taking the norm of both sides in the above equation

‖ (λ− aii)xi‖ =

∥∥∥∥∥∥
n∑

j=1,i 6=j

aijxj

∥∥∥∥∥∥
is obtained. Then make use of triangle inequality is written the following inequalities

‖ (λ− aii)xi‖ ≤
n∑

j=1,i 6=j

‖aijxj‖,

‖ (λ− aii)‖ ‖xi‖ ≤
n∑

j=1,i 6=j

‖aij‖ ‖xj‖ ,

‖ (λ− aii)‖ ≤
n∑

j=1,i 6=j

‖aij‖ = Ri.

So, we have

ξ (A) ⊆
n⋃

i=1

{a ∈ COp : ‖a− aii‖ ≤ Ri}.

Example 5.1. Let A =

[
1 + i+ j + k + e ei

ej ek

]
; A is a commutative elliptic

octonion matrix. Then the adjoint matrix of A is

η (A) =


1 + i+ j + k 0 1 i

0 0 j k
1 i 1 + i+ j + k 0
j k 0 0


The set of eigenvalues of η (A) is

ξ (η (A)) =


1
2
(2 + i + j −

√
5 + α + 4i + 4j + 6k + 2k), 1

2
(2 + i + j +

√
5 + α + 4i + 4j + 6k + 2k),

1
2
(i + j −

√
1 + 5α + 4i + 4αj + 6k), 1

2
(i + j +

√
1 + 5α + 4i + 4αj + 6k)}

 .

The Gershgorin disks are

D1 =
{
q ∈ Hp : ‖q − (1 + i+ j + k)‖ ≤

√
‖α‖+ 1

}
,

D2 =
{
q ∈ Hp : ‖q‖ ≤

√
‖α‖+ 1

}
.

Thus, we obtain
ξ (A) ∩ Hp ⊆ D1 ∪D2.
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6 Conclusions

In this article, firstly, the notions of similarity and conjugate similar are given
for commutative elliptic octonion matrices with an isomorphism defined between
commutative elliptic octonions and matrices. Then, using linear transformation
φA (X) = AXo1 for the first conjugate of the commutative elliptic octonions, φA is
obtained. With this matrix, equivalence ABo1 ∼= φAB has been defined. In addi-
tion, the solution of X −AXo1B = C, which is the Kalman-Yakubovich s-conjugate
equation for commutative elliptic octonion matrices, is given and this solution is il-
lustrated with examples. The solution of Kalman-Yakubovich s-conjugate equation
for the conjugates ′oi

′ (2 ≤ i ≤ 7) can be easily obtained by applying similar steps.

On the other hand, the fundamental theorem of algebra is studied for commuta-
tive elliptic octonion matrices. Later, the Gershgorin Theorem that determines the
location of the eigenvalues of a matrix is proved, and the application of the theorem
is given with some examples.
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